The effect of electron temperature on the space-time evolution of nonlinear plasma oscillations in an inhomogeneous plasma is studied using an in-house developed onedimensional particle-in-cell (PIC) code. In contrast to the conventional wisdom, it is found that for an inhomogeneous plasma, there exists a critical value of electron temperature beyond which wave breaking does not occur. This novel result, which is of relevance to present day laser plasma experiments, has been explained on the basis of interplay between electron thermal pressure and background inhomogeneity.
I. INTRODUCTION
The determination of maximum sustainable amplitude by nonlinear oscillation/waves in a plasma has been a topic of fundamental interest since last six decades 1-4 . Apart from academic interest, the breaking of nonlinear plasma waves is also a topic of practical importance to a number of systems viz. particle acceleration experiments [5] [6] [7] [8] [9] [10] [11] , laser assisted fusion schemes 12, 13 , collisionless heating of laboratory plasma [14] [15] [16] [17] , heating of solar corona [18] [19] [20] etc. Dawson 21 first theoretically demonstrated that the maximum electric field amplitude that can be sustained by nonlinear electron oscillations in a cold homogeneous plasma, is given by kA = 1 where A = eE max /mω 2 0 is the amplitude of electron's oscillation, ω 0 is electron plasma frequency with homogeneous background density n 0 , m is mass of electron and k is the wave number. At this amplitude electron density becomes singular at a particular point in space and the wave breaks within a period. As a consequence, the coherent wave energy gets transformed to the random particle energy which heats up the plasma. Dawson 21 further extended his calculations by introducing an inhomogeneity in the ambient plasma density and showed that inclusion of time independent plasma inhomogeneity (due to ions) completely changes the dynamics of the excited oscillations/waves. It was found that, inclusion of background inhomogeneity inevitably results in breaking of the plasma oscillations at arbitrarily low amplitudes. Physically, in an inhomogeneous plasma the characteristic plasma frequency of oscillation becomes space dependent ( i.e ω pe (x) = [4πn i (x)e 2 /m] 1/2 where n i (x) is ambient inhomogeneous plasma density), due to which neighboring oscillating electrons gradually go out of phase and eventually cross each other resulting in breaking of the coherent motion. The electron density exhibits a singularity at this point. The energy which is initially loaded on a long wavelength mode gradually goes into higher and higher harmonics 22 , and eventually the condition of wave breaking k wb A = 1 21 is satisfied. This phenomenon is known as phase mixing 17, [23] [24] [25] [26] [27] [28] [29] [30] which results in wave breaking ( wave breaking via phase mixing ); and the time the oscillations take to break is known as phase mixing time ( wave breaking time ), which depends on the strength of inhomogeneity as has been shown by several authors 31 All the above studies were carried out for a cold plasma. In 1971, Coffey 36 analytically studied the breaking of nonlinear electron plasma waves in a warm homogeneous plasma. Using a water bag model 2 for electrons, Coffey showed that for a warm plasma, the wave breaking amplitude explicitly depends on the electron temperature as eE max /mω pe v φ = (1 − 8β 1/4 /3 + 2β 1/2 − β/3) 1/2 where β = 3v 2 th /v 2 φ is the normalized electron temperature and v φ is the phase velocity. It was clear from Coffey's calculation that inclusion of finite electron temperature significantly reduces the wave breaking amplitude and prevents density singularity due to the thermal pressure 16, [36] [37] [38] [39] . In case of driven plasma waves in a spatially inhomogeneous plasma also, finite electron temperature reduces the wave breaking amplitude, as found by Kruer et. al. 39 . Later studies by Infeld et. al. 31 , on the combined effect of plasma inhomogeneity and electron temperature on the space time evolution of nonlinear electron plasma waves led to the conclusion that electron density acquires a maximum value n max /n 0 = 1/(1 − α 3/2 γ −1/2 /k i λ D ) in time T b = 2πK(1/ (2))/k i λ D (γα) 1/2 , which Infeld defined as wave breaking time. Here K is the complete elliptic integral, k i and α are respectively the wave number and amplitude of the ion inhomogeneity, γ = c p /c v and λ D is the electron Debye length. It is clear from the expression for density maximum that its validity is limited to k i λ D > α 3/2 /γ 1/2 ; it was not clear from reference 31 as to what would happen, if this condition is violated.
In 2009, Trines 40 revisited this problem and revealed the interplay between the thermal pressure and phase mixing due to inhomogeneity. It was found that in an inhomogeneous plasma, thermal pressure not only reduces the wave breaking amplitude, but beyond a critical value may entirely prevent the onset of wave breaking. Physically it happens as follows: density inhomogeneity on its own causes growth and "accumulation" of k ′ s at a given spatial location (referred to as secular effect in reference 40 ) resulting in peaking of density while thermal effects cause advection of the k ′ s resulting in smoothening of density profile. If the rate of advection of k ′ s is greater than the rate at which the k ′ s grow and "accumulate", wave breaking will not occur and maximum k gets limited to a value (k max ) which is determined by the electron temperature and the inhomogeneity amplitude.
To elucidate the aforementioned interplay between growth in k ′ s due to inhomogeneity and advection of k ′ s due to thermal effects, in this paper we present 1-D PIC simulations 41 of nonlinear electron plasma oscillations in the presence of inhomogeneous stationary ions. We find that the fate of the excited oscillation is essentially decided by the maximum wave number (k max ) generated in the system, which in turn is governed by the electron temperature and the inhomogeneity amplitude. We observe that, if the maximum value (k max ) is less than k wb i.e. k max < k wb ( where k wb A ≈ 1; where A is the amplitude of the wave excited by the background inhomogeneity), wave breaking will not occur. The k ′ s essentially "walk-off" the density gradient resulting in smoothening of the density profile. Wave breaking occurs only if the condition k max > k wb is satisfied.
This paper is organized as follows: in section II, for the sake of completeness, we present Trines's 40 analysis on the spatio-temporal evolution of electron wave number (k), and present the condition at which wave-breaking can be avoided. Later in section III we present our simulation results for the same. Finally in section IV, we conclude and summarize our results.
II. THEORETICAL ANALYSIS
In this section, we reproduce Trines's 40 analysis on the effect of electron temperature on electron plasma oscillations in an inhomogeneous plasma. We start from a plasma with background electron density n 0 , an immobile sinusoidal ion density inhomogeneity of the form n i (x, t) = n 0 [1 + α cos(k i x)], Debye length λ D = v th /ω 0 , and γ = c p /c v > 1. Presence of ion inhomogeneity results in the excitation of an electron plasma oscillation with amplitude A = α/k i and initial wave number k i . Spatio-temporal evolution of this excited wave is governed by the Eikonal equation 42, 43 , which can be expressed as ∂k/∂t+∂ω/∂x = 0, where the term ∂ω/∂x is evaluated using the warm plasma dispersion relation. For an inhomogeneous warm plasma, the Bohm-Gross 44 dispersion relation may be approximately written as ω 2 ≈ ω 2 pe (x) + γk 2 v 2 th , where ω is the frequency of oscillation, k is the wave number, ω 2 pe (x) = 4πe 2 n i (x)/m e is the plasma frequency (which is space dependent in our study), γ = c p /c v , and v th = ω 0 λ D is the thermal velocity of electrons ( ω 0 is plasma frequency corresponding to n 0 ). Substituting the expression for ω from the dispersion relation, the Eikonal equation transforms to
Following Trines 40 we transform the coordinates as t = τ and
Integrating Eq.2, we finally get
which gives an upper bound on the wave number k; for a sinusoidal inhomogeneity, as chosen above, the upper bound on wave number k turns out to be
As stated in the introduction, the above value of k max is determined by the phenomenon that k advects with the group speed, and will eventually "walk off" the density gradient.
Since the growth of k is caused by that same density gradient, this "walk-off" will curb the growth of k. Associated with the spatio-temporal evolution of wave number k, the density maximum of the excited Langmuir wave will not only grow because of growth in k, but also smoothen because of advection of k (via the group speed γv 2 th k/ω 0 ). This means that the growth will saturate once the maximum k ( k max ) has "walked off" the density gradient. The "walk off" time which we denote by T w , is the time k takes to reach the upper bound k max , and can be estimated from Eq.2 itself, which for a sinusoidal inhomogeneity turns out to be
Also the density maximum at the walk-off time T w can be estimated using n max ≈ n 0 /(1 − k max A), which finally leads to (using A = α/k i )
We note here that the expression for T w and n max are similar to the unnumbered expression for T b and n e,max at the end of Ref. 31 . We further note that Eq.6, can only be used if saturation of k due to Eq.4 happens before wave breaking due to k wb A ≈ 1 occurs. This is because, the upper bound on the wave number, k max λ D ≈ α/γ, is found from the maximum possible growth of k on a slope of the ripple in the ion density, and not from any limitation imposed by wave breaking. Thus we need to separately determine whether the wave will break within the time T w , or just reach a finite maximum density (given by Eq. 6) and stay unbroken after that. Following Dawson 21 , we define wave breaking time T b as T b = k wb /(∂k/∂t). For a cold plasma with sinusoidal inhomogeneity (where "walk-off" time T w → ∞ ), using k wb = 1/A = k i /α and ∂k/∂t ≈ ω 0 k i α/2, the wave breaking time T b turns out to be ω 0 T b ∼ 2/α 2 ( a finite value). Thus we recover the well known result that nonlinear electron oscillations in a cold inhomogeneous plasma will always break as T b < T w . In terms of wave number this is k wb < k max (for a cold plasma k max → ∞ i.e. the wave breaking limit is reached before "walk-off" is complete ). We note here that wave breaking in a warm inhomogeneous plasma may be avoided by simply changing the sign of the aforementioned inequality i.e T b > T w ( or k wb > k max ). Using the approximate condition k wb A ≈ 1 for a warm plasma, this inequality again translates into the condition k i λ D > α 3/2 /γ 1/2 . This is exactly the same condition which makes the density maximum given by Eq. 6 finite and well defined, indicating a well defined, unbroken plasma wave. Under these condtions the maximum value that k can reach (obtained from Eq.4) is less then k wb i.e. k max < k wb , implying that k will never reach k wb and wave will simply "walk-off" (never break) and the peak electron density acquires a value given by the expression found by Infeld et. al. 31 ( Eq. 6 ).
We now address the issue of peak plasma density at wave breaking in a warm inhomogeneous plasma. Use of the approximate condition k wb A = 1, for the warm plasma case leads to a density singularity as n max ≈ n 0 /(1 − k wb A). Unlike the cold plasma case where density goes to infinity as wave breaks, physically in a warm plasma density cannot become singular. This is because a divergent plasma density will lead to a divergent plasma pressure which in turn will not allow the electron density to become singular. As argued by Trines 40 , inclusion of full nonlinear plasma pressure leads to the following modified wave breaking condition in a warm plasma
Using the above wave breaking condition, maximum electron density at wave breaking may be written as
which is well defined and finite. Finally the wave breaking time for the warm inhomogeneous case may be estimated from Eq.2 by integrating it within the limit k = 0 to k = k wb , and can be written as
As discussed above wave breaking will occur if T b < T w . For a 1 − D plasma, using γ = 3, Eq.7 can be solved for k wb as
which when substituted in Eq.9 yields the expression for wave breaking time T b , as
III. SIMULATION RESULTS
In this section we present our simulation results obtained using an in-house developed 1D Particle-in-Cell (PIC) code. We perform PIC simulations of nonlinear electron plasma oscillations in an inhomogeneous warm plasma and compare the simulation results with the theoretical predictions presented in the previous section. In simulation we have used the following normalization: t → ω 0 t, x → k i x, and v e → k i v e /ω 0 , n e → n e /n 0 , E → k i eE/mω 2 0 . The number of particles per cell ∼ 100, where the cell size is chosen to be of order (△x ∼ λ De ) in order to avoid non-physical instabilities 41, 45 , and the time step for numerical integration is ∆t ∼ 5 × 10 −3 (ω 0 ∆t ≪ 1). Electrons are loaded with a Maxwellian distribution with electron temperature (v th ) using the inversion technique described in reference 41 .
Starting from initial conditions provided in the previous section, we follow the spatiotemporal evolution of electron plasma oscillations for several hundreds of plasma period. It is observed that as time progresses the electron density begins to peak and reaches a maximum value which explicitly depends on the inhomogeneity α and electron temperature v th . We first compare the theoretically obtained expressions for k max (Eq.4) and k wb (Eq.7) with simulation results. Fig.1 shows the variation of k wb and k max as function of ion inhomogeneity α for a constant v th = 0.01. In this figure the theoretical value of k wb and k max are respectively shown by blue and orange line. Dots represent the value of maximum wave number obtained from simulation. We have recorded the mode number which has the highest amplitude at the time when the electron density is maximum, and taken that as maximum k value. Our results show that for α 0.0445, i.e. when the theoretical value of k max < k wb , the maximum value of k obtained from simulation closely follows the theoretical k max curve, whereas when the value of α is increased beyond 0.0445, the maximum simulation k closely follows the theoretical k wb curve. The electron density maximum also shows the expected scaling with α (see fig.2 ), albeit the form of density scaling is found to change at a little lower value of α (lower than 0.0445). In fig.2 , we show the variation of maximum electron density n max /n 0 as a function of α, for a fixed electron temperature (v th = 0.01). We find that if α 0.035, the maximum electron density (shown by dots) obtained from simulation follows the scaling given by Eq.6, as shown by orange curve. Fig.2 also shows that the density maximum (shown by dots) follows a different scaling given by Eq.8 (shown by yellow curve) for α 0.035, We note here that while fitting the density expressions with the simulation results, the scalings given by Eq.6 and Eq.8 have been used in a phenomenological fashion as n max /n 0 ≈ c 1 /(1 − c 2 kA), where c 1 and c 2 are fitting constants of order unity (c 1 ≈ 1.2 and c 2 ≈ 1.4, for k = k max and c 1 ≈ 1.5 and c 2 ≈ 0.75 for k = k wb ). Fig.3 shows the variation of the time taken to reach the density maximum as a function of inhomogeneity amplitude α, for a fixed value of v th = 0.01. Here also, the dots represent the simulation results and the solid lines are theoretical predictions given by Eq.5 (orange curve for k max < k wb ) and Eq.10 (yellow curve for k max > k wb ). Here, to fit the simulation results, Eq.5 and Eq.10 have been multiplied with a constant of order unity ∼ 1.3.
In order to distinguish between the two regimes i.e when wave breaking does not occur (k max < k wb ) and when wave breaking does occur (k max > k wb ), we present snapshots of the electron phase space for two different values of α for a fixed value of thermal velocity v th = 0.01. Fig.4 and 5 respectively show snapshots of the electron phase space for same thermal velocity v th = 0.01, for two different inhomogeneity amplitudes α = 0.03 ( < 0.0445, k max < k wb ) & 0.08 ( > 0.0445, k max > k wb ), at different times. At ω 0 t = 0, the velocity spread is same in both cases. After few plasma periods it is observed that, for α = 0.08, the width of the phase space increases significantly. It implies that a large fraction of the wave energy is transferred to particles in the form of random kinetic energy. We identify this as wave breaking, as large number of particles are getting accelerated to high velocities.
Whereas for α = 0.03 the phase space does not change much from it's initial shape and the number of energetic particles are much smaller in number as compared to that seen in Fig.5 . We conclude that for α = 0.08 the wave breaks where as for α = 0.03 the wave does not break (even at longer times the phase space doesn't change), as expected from the theoretical analysis presented in the previous section. Next we keep the inhomogeneity parameter α fixed and vary v th . Fig.6 shows the variation of k wb and k max as a function of v th for a constant value of α = 0.05. Here also theoretical values of k wb and k max are shown by blue and orange line respectively; while dots represent the maximum value of k obtained from simulation at wave breaking time (k max > k wb ) or at walk-off time (k max < k wb ). In fig.7 we show the variation of density maximum (with dots) as a function of v th for α = 0.05. Like the previous case, we again find that density maximum follows two scalings, i.e. for higher values of v th , the density maximum follows the scaling given by Eq.6 (shown by orange line), whereas for lower values of v th , the density maximum follows the scaling given by Eq.8 (shown by yellow line). Our simulation results show that the value of v th at which the density scaling changes is a little higher than the value at which the wave number scaling changes (see Fig.6 ). In fig.8 we present the variation of the time taken to reach this maximum density as function of v th . Here also, the dots represent the simulation results and the solid lines are theoretical predictions given by Eq.5 (orange curve for k max < k wb ) and Eq.10 (yellow curve for k max > k wb ). We note that the fitting constants used in Fig.7 and Fig.8 are the same as used in Fig.2 and Fig.3 respectively. We now present snapshots of the electron phase space for two different values of v th and k i v th / ω 0 → for a fixed value of α. Fig.9 and 10 respectively show the phase space plots for v th = 0.03 (k max < k wb ) and v th = 0.005 (k max > k wb ). In both two cases α is kept fixed at 0.05. By comparing these two figures we observe, as expected, that for v th = 0.005 wave breaks as a large fraction of the wave energy is transferred to the particles as random kinetic energy (as a result phase space broadens), whereas for v th = 0.03 wave does not break as the phase space does not exhibit generation of significant number of energetic particles.
IV. SUMMARY
In this paper we have studied the space time evolution of electron plasma oscillations in a warm inhomogeneous plasma. It is argued that for an inhomogeneous plasma, there exists a critical temperature beyond which wave breaking does not occur. Using an in-house developed 1 − D PIC simulation, this claim has been verified. It is shown that interplay between thermal pressure and background inhomogeneity restricts the wave number growth to a maximum value, k max = α/γ/λ D . This k max essentially governs the dynamics of the excited wave and governs whether it will break or walk-off. For cases where k max > k wb wave breaks and transfers it's energy to particles as random thermal energy where as for k max < k wb wave does not break even in the presence of inhomogeneity. It is further shown that in the presence of electron temperature, electron density never becomes singular even at the time of breaking. These results may be of relevance to present day laser-plasma interaction experiments.
